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Abstract. We extended the study of relativistic effects in neutron-deuteron scattering to the exclusive
breakup. To this aim we solved the three-nucleon Faddeev equation including such relativistic features as
relativistic kinematics and boost effects at incoming neutron laboratory energies E lab

n = 65MeV, 156MeV
and 200MeV. As dynamical input a relativistic nucleon-nucleon interaction exactly on-shell equivalent to
the CD Bonn potential has been used. We found that the magnitude of relativistic effects increases with
the incoming neutron energy and, depending on the phase-space region, relativity can increase as well as
decrease the nonrelativistic breakup cross-section. In some regions of the breakup phase-space dynamical
boost effects are important. For a number of measured exclusive cross-sections relativity seems to improve
the description of data.

PACS. 21.45.+v Few-body systems – 24.10.Jv Relativistic models – 25.10.+s Nuclear reactions involving
few-nucleon systems

1 Introduction

The high-precision nucleon-nucleon (NN) potentials which
describe very well the NN data set up to about
350MeV [1–3] form a very firm basis for a study of three-
nucleon (3N) reactions. Powerful computers and devel-
opment of modern algorithms provided numerically ex-
act solutions of the 3N Schrödinger equation both in the
momentum and coordinate representation. This permit-
ted theoretical calculations for cross-sections and spin
observables in elastic nucleon-deuteron (Nd) scattering
and breakup processes with different dynamical assump-
tions about underlying nuclear forces [4]. With increasing
amount of precise 3N elastic scattering data it turned out
that nonrelativistic description based on pairwise forces
only is insufficient to explain the data at higher energies
of the 3N system. Adding a 3N force (3NF) to the pairwise
interactions led in many cases to a better description of the
data [5–15]. However, at energies higher than ≈ 100MeV
current 3NFs only partially improved the description of
data, leaving in some cases discrepancies which were com-
parable in magnitude to the effects of the 3NFs them-
selves [6–15].

This situation triggered investigations of the 3N con-
tinuum taking relativistic effects into account. In ref. [16]
we performed such a study for Nd elastic scattering. We
extended the Hamiltonian scheme in equal time formu-
lation worked out in [17] to the 3N scattering taking as
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a starting point the Lorentz-boosted NN potential which
generates the NN t-matrix in a moving frame via a stan-
dard Lippmann-Schwinger equation. The NN potential in
an arbitrary moving frame is based on the interaction in
the two-nucleon c.m. system, which enters a relativistic
NN Schrödinger or Lippmann-Schwinger equation. The
relativistic equation differs from the nonrelativistic one
just by the relativistic form of the kinetic energy. We
constructed the relativistic two nucleon (2N) potential
by performing an analytical scale transformation of mo-
menta, which relates NN potentials in the nonrelativistic
and relativistic Schrödinger equations in such a way that
exactly the same NN phase shifts are obtained by both
equations [18].

In our first study [16] we looked for changes in elas-
tic neutron-deuteron (nd) scattering observables when the
nonrelativistic form of the kinetic energy was replaced by
the relativistic one and a proper treatment of boost effects
andWigner rotations of spin states was included. It turned
out, that the effects of spin rotations in the studied energy
range up to 250MeV were practically negligible for elastic
scattering cross-sections and analyzing powers. The rela-
tivistic effects for the elastic scattering cross-section were
significant only at higher energies and restricted to the
very backward angles, where relativity increased the non-
relativistic cross-section. The decisive role was played by
the boost effects which reduced the transition matrix ele-
ments at higher energies and led, in spite of the increased
elastic-scattering relativistic phase-space factor as com-
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pared to the nonrelativistic one, to rather small effects in
the cross-section.

In view of upcoming measurements of the higher en-
ergy Nd breakup process we would like to extend the
study of ref. [16] to this reaction. The first results pre-
sented in [19] revealed a unique selectivity of the complete
breakup reaction useful to investigate the pattern of rel-
ativistic effects and to study their significance. Here we
would like to study how relativistic effects are distributed
over the breakup phase-space and if and to what extent
the existing data verify the predicted effects.

The paper is organized as follows. In sect. 2, for con-
venience of the reader, we shortly explain the relativistic
features underlying our treatment of a relativized Faddeev
equation in the 3N continuum. The very detailed presen-
tation which incorporated the definition of the boosted
two-body force, the various two-and three-body states in
general frames, the Wigner rotations and the singular-
ity structure of the relativistic free 3N propagator were
given in [16]. In sect. 3 we give relativistic and nonrel-
ativistic formulas for the transition matrix elements and
the breakup cross-section. In sect. 4 we apply our formu-
lation using a relativistic NN interaction which is exactly
on-shell equivalent to the nonrelativistic CD Bonn poten-
tial [2] and solve the relativized 3N Faddeev equation with
different approximations for the boost. At two incoming
neutron energies, 65 and 200MeV, we look for the mag-
nitude and the distribution pattern of relativistic effects
over the entire phase-space of the breakup reaction. For
the cases where the data are available, we compare them
to theoretical predictions. Finally, sect. 5 contains a sum-
mary and an outlook.

2 Formulation

When nucleons interact through a NN potential V , the
breakup operator T satisfies the Faddeev-type integral
equation [20,4]

T |φ〉 = tP |φ〉+ tPG0T |φ〉. (1)

The 2N t-matrix t results from the interaction V through
the Lippmann-Schwinger equation and the permutation
operator P = P12P23+P13P23 is given in terms of a trans-
position Pij which interchanges nucleons i and j. The in-
coming state |φ〉 = |q0〉|φd〉 describes the free nucleon-
deuteron motion with relative momentum q0 and the
deuteron wave function |φd〉. Finally, G0 is the free 3N
propagator.

The full nd breakup transition operator U0 is given in
terms of T by [20,4]

U0 = (1 + P )T. (2)

This is our standard nonrelativistic formulation, which
is equivalent to the nonrelativistic 3N Schrödinger equa-
tion and respects the boundary conditions. The formal
structure of these equations in the relativistic case remains
the same but the ingredients change. As explained in [21]

the relativistic 3N Hamiltonian has the same form as the
nonrelativistic one, only the momentum dependence of the
kinetic energy changes and the relation of the pair in-
teractions to the ones in their corresponding c.m. frames
changes, too. Consequently all the formal steps leading to
eqs. (1) and (2) remain the same.

The relativistic kinetic energy of three equal-mass (m)
nucleons in their c.m. system can be written in terms
of the momentum-dependent 2N mass operator 2ω(k) ≡
2
√
m2 + k2 and the momentum of the third nucleon q as

H0 =
√

(2ω(k))2 + q2 +
√

m2 + q2 . (3)

Here k and −k are the momenta of two nucleons in one
of the two-body c.m. subsystems and −q is the total mo-
mentum of this chosen two-body subsystem. Any of the
three possible two-body subsystems can be taken.

The boosted 2N potential in the 2N frame moving with
momentum q is taken as [21–23]

V (q) ≡
√

(2ω(k) + v)2 + q2 −
√

(2ω(k))2 + q2 , (4)

where V (q) for q = 0 reduces to the potential v defined
in the 2N c.m. system. Note that also in that system the
relativistic kinetic energy of the two nucleons has to be
chosen, which together with v defines the interacting two-
nucleon mass operator occurring in eq. (4). Restricting to
a 3N c.m. system and using (4) for a two-body interac-
tion Vij between nucleons i and j leads to the full energy
operator of the 3N system

H = H0 + V12 + V13 + V23. (5)

The boosted 2N t-matrix t(k,k′;q) fulfills the relativis-
tic 2N Lippmann-Schwinger equation, which in a general
frame reads

t(k,k′;q) = V (k,k′;q)

+

∫

d3k′′
V (k,k′′;q)t(k′′,k′;q)

√

(2ω(k′))2+q2−
√

(2ω(k′′))2+q2+iε
. (6)

The new relativistic ingredients in eq. (1) will therefore
be the boosted t-operator and the relativistic 3N propa-
gator

G0 =
1

E + iε−H0
, (7)

where H0 is given in eq. (3) and E is the total 3N c.m. en-
ergy expressed in terms of the initial neutron momentum
q0 relative to the deuteron and the deuteron rest massMd:

E =
√

(Md)2 + q 2
0 +

√

m2 + q 2
0 . (8)

We solve numerically eq. (1) in its nonrelativistic or rel-
ativistic form for any NN interaction using a momentum
space partial-wave decomposition. In the nonrelativistic
case the partial-wave projected momentum space basis is
taken as |pqα〉 ≡ |pq(ls)j(λ 1

2 )IJ(t
1
2 )T 〉, with the magni-

tudes p and q of standard Jacobi momenta (see [24]) and
(ls)j two-body quantum numbers with obvious meaning.
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The quantum numbers (λ1/2)I refer to the third nucleon
(its motion is described by the momentum q), and J is the
total 3N angular momentum. The subsystem isospin t cou-
ples with the spectator isospin to the total 3N isospin T .

In the relativistic case the nonrelativistic relative two-
nucleon momentum p is replaced by k(p2,p3), where 2N
c.m. momenta k and −k are related to 3N c.m. momenta
of these two nucleons, p2 and p3, by a Lorentz boost (see
eq. (10) in [16]). The third spectator nucleon has momen-
tum p1 which together with the total two-nucleon momen-
tum p23 = p2 + p3 adds up to zero. It is the momentum
q = p1 which replaces the nonrelativistic Jacobi momen-
tum q in the relativistic case to describe unambiguously
a 3N configuration.

The construction of the momentum space partial-wave
basis in the relativistic case starts with the definition
of the 2N subsystem partial-wave state |(ls)jkµ;0〉 de-
fined in the 2N c.m. subsystem [16]. Boosting this state
to the 3N c.m. system along the total momentum p23

and coupling it there with the state of the spectator nu-
cleon leads to a 3N partial-wave state |k q = p1 α〉 ≡
|kp1(ls)j(λ

1
2 )I(jI)JM〉|(t 1

2 )TMT 〉. Since the performed
boost generally is not parallel to the momenta k and −k of
the two nucleons in their 2N c.m. system it leads to Wigner
rotations of their spin states what complicates the evalua-
tion of the partial-wave representation of the permutation
operator P in the basis |k q = p1 α〉. For more details and
description of the numerical treatment of eq. (1) in the
relativistic case we refer to [16].

Due to its short-range nature, the NN force can be
considered negligible beyond a certain value jmax of the
total angular momentum in the two-nucleon subsystem.
Generally, with increasing energy jmax will also increase.
For j > jmax we put the t-matrix to be zero, which yields
a finite number of coupled channels for each total angular
momentum J and total parity π = (−)l+λ of the 3N sys-
tem. To achieve converged results at our energies we used
all partial-wave states with total angular momenta of the
2N subsystem up to jmax = 5 and took into account all
total angular momenta of the 3N system up to J = 25/2.
This leads to a system of up to 143 coupled integral equa-
tions in two continuous variables for a given J and parity.
We checked that restriction to jmax = 5 is sufficient even
at the highest considered here energy of 200MeV by com-
paring jmax = 5 and jmax = 6 breakup cross-sections (see
also fig. 12 in sect. 4.2).

As dynamical input we used a relativistic interaction
v, which is defined as partner of the relativistic kinetic
energy, generated from the nonrelativistic NN potential
CD Bonn [2] according to the analytical prescription of
ref. [18]. In ref. [17] it was shown that the explicit cal-
culation of the matrix elements V (k,k′;q) according to
eq. (4) for the boosted potential requires the knowledge of
the NN bound-state wave function and the half-shell NN
t-matrices in the 2N c.m. system. Here, as in our study of
the elastic nd scattering [16], we do not treat the boosted
potential matrix element in all its complexity as given in
ref. [17] but restrict ourselves to the leading-order term in

a q/ω and v/ω expansion:

V (k,k′;q)=v(k,k′)

[

1− q2

8
√
m2+k2

√

m2+(k′)2

]

. (9)

In order to study the importance of the boost effect
we will present in addition to this approximation also the
results for two more drastic approximations. In the first
one the boost effects are neglected completely:

V (k,k′;q) = v(k,k′), (10)

and in the second one the k-dependence of the first-order
relativistic correction term is omitted:

V (k,k′;q) = v(k,k′)

(

1− q2

8m2

)

. (11)

The quality of these approximations can be checked
by calculating the deuteron wave function φd(k) for the
deuteron moving with momentum q (eq. (6) in [16]). This
wave function depends only on the 2N c.m. relative mo-
mentum k inside the deuteron and is thus independent
of the boost momentum q. When the boost effects are
fully taken into account the solution of eq. (6) in [16]
must provide exactly the deuteron binding energy and the
D-state probability equal to the values for the deuteron
at rest. We checked in [16] that neglecting the boost to-
tally or omitting the k-dependence of the first-order term
are poor approximations, especially at the higher ener-
gies (250MeV) we studied. In contrast, the approximation
given in eq. (9) appears acceptable, even for the strongest
boosts, reproducing closely the deuteron binding energy
and the D-state probability for the deuteron at rest. Re-
lying on that result we have chosen the expression (9)
for the boosted potential in the following investigations.
Since the solution of the 3N relativized Faddeev equation
including Wigner spin rotations requires much more com-
puter time [16] and since we restrict in this study to the
breakup unpolarized cross-sections only we neglected the
Wigner rotations completely.

3 Relativistic and nonrelativistic breakup

cross-section

The exclusive breakup measurements d(n,N1 N2)N3 are
performed in the laboratory system with two of the three
outgoing nucleons (N1 and N2) detected in coincidence by
detectors placed at fixed angles (θlab1 , φlab1 ) and (θlab2 , φlab2 )

and their kinetic energies Elab
1 and Elab

2 measured. The ex-
perimental events are then located in the Elab

1 -Elab
2 energy

plane along a kinematical curve determined by the en-
ergy and momentum conservation. For each point on this
curve the nucleons have definitive momenta. The breakup
observables are normally shown as a function of an arc-
length S of that kinematical locus (the starting point of
which is defined according to some convention) or as a
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function of energy Elab
1 . Theoretical predictions for differ-

ent observables are obtained from the matrix elements of
the breakup transition operator (eq. (2))

〈φ0|U0|φ〉 = 〈φ0|(1 + P )T |φ〉, (12)

where the state |φ0〉 = |p1q1m1m2m3ν1ν2ν3〉 describes
the relative motion of free outgoing nucleons and spec-
ifies their spin (mi) and isospin (νi) magnetic quantum
numbers. This relative motion is described by standard
Jacobi momenta (pi,qi) [4,24] which are given in terms
of individual momenta ki of the three nucleons in a par-
ticular kinematically complete breakup configuration by
i, j, k = 1, 2, 3 and cyclic permutations

pi =
1

2
(kj − kk),

qi =
2

3

(

ki −
1

2
(kj + kk)

)

. (13)

Applying in eq. (12) the permutation operator to the
left provides three contributions to the breakup amplitude

1〈φ0|(1 + P )T |φ〉 = 1〈p1q1miνi|T |φ〉
+ 2〈p1q1miνi|T |φ〉+ 3〈p1q1miνi|T |φ〉

= 1〈p1q1m1m2m3ν1ν2ν3|T |φ〉

+ 1

〈

−1

2
p1 −

3

4
q1,p1 −

1

2
q1,m2m3m1ν2ν3ν1

∣

∣

∣

∣

T |φ〉

+ 1

〈

−1

2
p1 +

3

4
q1,−p1 −

1

2
q1,m3m1m2ν3ν1ν2

∣

∣

∣

∣

T |φ〉,

(14)

where the subscripts on the left side of the matrix elements
indicate the leading nucleon.

For the nonrelativistic case invariance of Jacobi mo-
menta and amplitudes 〈pqα|T |φ〉 permits calculating ob-
servables directly in the 3N laboratory system. However,
in the relativistic case the amplitudes 〈kqα|T |φ〉 are pro-
vided in the 3N c.m. system and the transition matrix
elements are first calculated in that system. In order to
compare with the data measured in the laboratory sys-
tem, the proper Lorentz transformation from the 3N c.m.
to the laboratory system must be performed.

In the 3N c.m. system each term in eq. (14) is given
by

1〈p1q1|T |φ〉 =
1

N(k2,k3)
〈k(k2,k3),k1|T |φ〉, (15)

where

N(k2,k3)=

√

4E2E3

(E2+E3)
√

(E2+E3)2−(k2+k3)2
. (16)

Assuming that the incoming beam of neutrons with the
spin projection µ moves along the z-axis, the matrix ele-
ment 〈k(k2,k3),k1|T |φ〉 follows from the calculated am-

plitudes 〈kqα|T |φ〉 by

〈k(k2,k3),k1|T |φ〉 =
∑

J,π

∑

lλL

Y Lµ+md−m1−m2−m3

lλ

(

k̂, k̂1

)

∑

jsItS

√

ĵÎL̂Ŝ







l s j

λ 1
2 I

L S J







×(LSJ |µ+md−m1−m2−m3,m1+m2+m3, µ+md)

×
(

s
1

2
S

∣

∣

∣

∣

m2+m3,m1,m1+m2+m3

)(

t
1

2
T

∣

∣

∣

∣

ν2+ν3,−
1

2

)

×
(

1

2

1

2
t

∣

∣

∣

∣

ν2, ν3, ν2 + ν3

)

〈k k1 α|T |φ〉, (17)

where md is the spin projection of the deuteron.
The 3N c.m. breakup amplitude 〈φ0|(1 + P )T |φ〉 pro-

vides unpolarized cross-section in this system. Thereby
the exclusive relativistic cross-sections along the S-

curve ( d5σ
dΩ1dΩ2dS

)(c.m.) or projected on the E1-axis

( d5σ
dΩ1dΩ2dE1

)(c.m.) are given by

(

d5σ

dΩ1dΩ2dS

)(c.m.)

=
(2π)4

2 · 3
∑

mimf

|〈φ0|(1 + P )T |φ〉|2

×1

I

min
1

Ein
1

min
2

Ein
2

m

E3

m2p1p2
√

(

Ã2+B̃2
)

, (18)

and
(

d5σ

dΩ1dΩ2dE1

)(c.m.)

=
(2π)4

2 · 3
∑

mimf

|〈φ0|(1 + P )T |φ〉|2

×1

I

min
1

Ein
1

min
2

Ein
2

m

E3

m2p1p2
∣

∣B̃
∣

∣

,

(19)

with the (invariant) flux I

I ≡
∣

∣

∣

∣

p in
1

Ein
1

− p in
2

Ein
2

∣

∣

∣

∣

=
1

Ein
1 Ein

2

√

(

Ein
1 Ein

2 −p1
in · p2

in
)2−

(

min
1 min

2

)2
,

(20)

and

Ã ≡ 1− E1

E3

p3 · p1

p2
1

,

B̃ ≡ 1− E2

E3

p3 · p2

p2
2

. (21)

The laboratory cross-sections follow from the 3N c.m.
cross-sections by the corresponding Jacobians

(

d5σ

dΩ1dΩ2dE1

)lab

=

(

d5σ

dΩ1dΩ2dE1

)c.m.

J,
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Fig. 1. (Color online) The regions of the d(n,nn)p breakup phase-space at incoming neutron energy E lab
n = 65MeV projected

onto the θ1-θ2, θ1-φ12, and Elab
1 -Elab

2 planes, carrying certain values of ∆ from eq. (25) as indicated in the boxes. In the first
row the largest positive values of ∆, which measure the largest increasing relativistic effect in the five-fold breakup cross-section

d
5
σ

dΩ1dΩ2dS
, are shown based on the CD Bonn potential [2]. The second and the third row shows the values of ∆ obtained only

with the dynamical and kinematical parts of the cross-section, respectively, for configurations from the first row. The white
area belongs either to phase-space regions not allowed kinematically or to regions rejected by our cuts on the cross-sections or
energies (see text).

(

d5σ

dΩ1dΩ2dS

)lab

=

(

d5σ

dΩ1dΩ2dS

)c.m.

∣

∣

∣

∣

∣

∣

(

dS
dE1

)c.m.

(

dS
dE1

)lab

∣

∣

∣

∣

∣

∣

J,

(22)
with

J =
plab1

pc.m.
1

∣

∣

∣

Ec.m.
3

pc.m.
2

− Ec.m.
2

pc.m.
2

pc.m.
3

pc.m.
2

p̂c.m.
3 · p̂c.m.

2

∣

∣

∣

∣

∣

∣

Elab
3

plab
2

− Elab
2

plab
2

plab
3

plab
2

p̂lab3 · p̂lab2

∣

∣

∣

,

dS

dE1
=

√

Ã2 + B̃2

∣

∣B̃
∣

∣

. (23)

In eqs. (18)–(23) min
i are the rest masses of the incom-

ing particles and Ein
i (Ei) are the total energies of the in-

coming (outgoing) particles. The nonrelativistic forms of
the cross-sections are restored when all total energies are
replaced by the corresponding masses.

4 Results

In the following subsections the distribution over the
breakup phase-space of relativistic effects for the exclusive



374 The European Physical Journal A

0 60 120 180
θ

1
 [deg]

0

60

120

180

θ
2
 [deg]

0 60 120 180
θ

1
 [deg]

φ
12

 [deg]

0 10 20 30 40 50 60
E

1
 [MeV]

0

10

20

30

40

50

60

E
2
 [MeV]

0 60 120 180
θ

1
 [deg]

0

60

120

180

θ
2
 [deg]

0 60 120 180
θ

1
 [deg]

φ
12

 [deg]

0 10 20 30 40 50 60
E

1
 [MeV]

0

10

20

30

40

50

60

E
2
 [MeV]

0 60 120 180
θ

1
 [deg]

0

60

120

180

θ
2
 [deg]

0 60 120 180
θ

1
 [deg]

φ
12

 [deg]

0 10 20 30 40 50 60
E

1
 [MeV]

0

10

20

30

40

50

60

E
2
 [MeV]

-20-  -27%

-15-  -20%

-10-  -15%

0-  -10%

-25-  -28%

-15-  -25%

-8-  -15%

9-  -8%

-6-  -11%

-5-  -6%

-2-  -5%

4-  -2%

Fig. 2. (Color online) The same as in fig. 1 but for the largest negative values of ∆ at E lab
n = 65MeV shown in the first row

(the largest decreasing relativistic effect).

breakup cross-section will be presented and a comparison
to existing data made. The five-fold breakup cross-sections
can be written as

d5σ

dΩ1dΩ2dS
=





∑

mimf

|〈φ0|U0|φ〉|2


 ρkin, (24)

with the kinematical factor ρkin containing the phase-
space factor and the initial flux. The differences between
the relativistic and nonrelativistic cross-sections can result
from the dynamical part, given by the transition proba-
bility for breakup,

∑

mimf
|〈φ0|U0|φ〉|2, or/and from the

kinematical factor. As a measure of the relativistic effect
in a particular complete configuration of the outgoing nu-

cleons we take the quantity

∆ ≡ ∆(θ1, θ2, φ12, S)

=

(

d5σ
dΩ1dΩ2dS

)rel −
(

d5σ
dΩ1dΩ2dS

)nrel

(

d5σ
dΩ1dΩ2dS

)nrel
100%. (25)

It should be stressed that relativistic and nonrelativis-
tic kinematics lead to different S-curves in a plane of
kinetic energies Elab

1 -Elab
2 . This makes the definition of

relativistic effects for breakup ambiguous and dependent
on the procedure which is applied to associate points on
the relativistic and nonrelativistic S-curves. Those two
S-curves can differ significantly in some regions of the
breakup phase-space and/or at higher incoming neutron
energies. Thus, a reasonable projecting procedure is re-
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Fig. 3. (Color online) The same as in fig. 1 but for Elab
n = 200MeV.

quired, especially when the cross-sections change drasti-
cally along the S-curve. In such a case an application of
an improper projection method can shift those structures
inducing artificially values of ∆. In order to avoid such
situations we applied the following procedure to associate
a point on the nonrelativistic S-curve with a given point
on the relativistic one. At small values the relativistic and
nonrelativistic kinetic energies approach each other and in
such a case we projected in the Elab

1 -Elab
2 plane along the

direction perpendicular to the axis Elab
i of the detected

nucleon with smaller kinetic energy. In other regions we
projected along the direction perpendicular to the rela-
tivistic S-curve. Such a procedure allowed us in most cases
to associate properly the points on the nonrelativistic S-
curve to the points on the relativistic S-curve.

4.1 Phase-space distribution of relativistic effects

In order to study the distribution of relativistic effects
over the breakup phase-space we performed the follow-
ing investigation for the d(n,nn)p breakup reaction. At
a given energy of the incoming neutron we scanned the
whole breakup phase-space and associated all regions with
∆ values. In order to provide results which could be of
interest for future experiments we restricted ourselves to
regions of phase-space with cross-sections sufficiently large
(for given θ1, θ2 and φ12 cross-sections smaller than 20%
of the maximal value have been rejected) and kinetic ener-
gies of detected neutrons ≥ 5MeV. To see how relativis-
tic effects depend on energy we carried through such a
search at two incoming neutron energies Elab

n = 65MeV
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Fig. 4. (Color online) The same as in fig. 2 but for Elab
n = 200MeV.

and 200MeV. In order to locate uniquely the phase-space
regions where relativistic effects enhance or diminish the
nonrelativistic breakup cross-section we show at each en-
ergy two sets of three two-dimensional plots for positive
and negative sign of ∆, respectively. The first one is the
θ1-θ2 plane for the two angles of the neutron detectors.
The second one is the θ1-φ12 plane, where φ12 ≡ |φ1−φ2|
is the relative azimuthal angle for the two detectors. Fi-
nally, the third is the Elab

1 -Elab
2 plane for the correlated

laboratory kinetic energies of the two detected neutrons.
To fill those three planes we proceed as follow. The whole
phase-space is filled with discrete points corresponding to
certain grids in θ1, θ2, φ1, φ2, and E

lab
1 . For θ1 and θ2 fixed

we search for the maximal magnitude of ∆ (at given sign
of ∆) in the three-dimensional subspace spanned by φ1,
φ2, and Elab

1 . Then, we combine those maximal ∆ values
into four groups and associate certain gray tones (colors

online) to those group values. Next, we choose a fixed θ1

and φ12 = |φ2| (by putting φ1 = 0) and search again for
the maximal values of ∆ in the two-dimensional subspace
spanned by θ2 and Elab

1 . The same gray tones and group-
ings are then applied. Finally, in the Elab

1 -Elab
2 plane we

search for the maximal ∆ values in the three-dimensional
subspace spanned by θ1, θ2, φ12 and repeat the procedure.

Results of applying that procedure are shown in the
first row of figs. 1-2 for Elab

n = 65MeV and of figs. 3-4 for
200MeV, separately for positive (figs. 1 and 3) and neg-
ative (figs. 2 and 4) values of ∆. Distinguishing between
positive and negative ∆’s allows us to locate regions of
breakup phase-space where relativity increases or dimin-
ishes the nonrelativistic cross-section. Our numbers are
based on the CD Bonn potential [2]. Since we use only gray
tones we split the variation of the quantity ∆ into four
groups. Based on the meaning of the gray tones and using
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the first row of figs. 1-4 one can proceed as follows. Choos-
ing a region in the θ1-θ2 plane with a black tone we know
that in the θ1-φ12 plane there must exist also black region
for the same θ1. This allows to read off a certain value
of φ12. Then the angular positions of the two detectors
are fixed, which define the S-curve in the Elab

1 -Elab
2 plane.

Along such an S-curve there must be again a black region,
where one can read off the corresponding range of energies.
Choosing for instance another combination of tones, like a
black one in the θ1-θ2 plane, white one in the θ1-φ12 plane
one knows that the S-curve in the Elab

1 -Elab
2 plane lies in

the white and maybe gray regions. This should explain the
use of first row from figs. 1-4. It is seen that relativity can
act in both directions, increasing or decreasing the nonrel-
ativistic cross-section. The magnitude of relativistic effects
increases with energy of the incoming neutron. Whereas
at 65MeV they approach ≈ 14% when relativity increases
the nonrelativistic cross-section and≈ 25% in the opposite
case, at 200MeV the corresponding numbers are ≈ 55%
and ≈ 60%, respectively. The effects are distributed over
the entire phase-space. It is seen in figs. 1-4 that at both
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Fig. 5. The five-fold cross-section d
5
σ

dΩ1dΩ2dS
for the d(n,n1n2)p

breakup reaction at Elab
n = 200MeV at fixed θ2 = 37.5◦, φ12 =

180◦ and varying θ1: a) θ1 = 27.5◦, b) θ1 = 32.5◦, c) θ1 =
37.5◦, d) θ1 = 42.5◦, e) θ1 = 47.5◦, f) θ1 = 52.5◦, g) θ1 =
57.5◦, h) θ1 = 62.5◦. The nonrelativistic and relativistic cross-
sections are shown by dashed and solid lines, respectively. The
calculations are based on the CD Bonn potential (see text).

energies (however, at 200MeV more clearly) the large rel-
ativistic effects have a tendency to localize in phase-space
regions with small value of the undetected proton energy
and when momenta of the two neutrons are coplanar on
opposite sides of the beam (φ12 ≈ 180◦). Those geometries
are around a region of quasi–free-scattering (QFS) condi-
tion, where the undetected proton is exactly at rest in the
laboratory system. When relativity increases the nonrela-
tivistic cross-section (∆ > 0) large relativistic effects occur
at positions of detectors θ1 and θ2 around θ1 + θ2 ≈ 75◦.
For ∆ < 0 this region is shifted to θ1 + θ2 ≈ 100◦ lead-
ing to the following pattern of the nonrelativistic cross-
section variation due to relativity. Starting, e.g., at fixed
θ2 from the configuration where relativity increases the
nonrelativistic cross-section and increasing θ1 we are led
to configurations with decreasing ∆, resulting finally in
geometries where relativity diminishes the nonrelativistic
cross-section. In fig. 5 we show this pattern at 200MeV for
a number of configurations along the S-curve for a fixed
angle θ2 and changing θ1. Of course the same is true when
exchanging θ1 and θ2. This characteristic pattern can be
looked for in experimental data.

In order to get insight into the origin of maximal devi-
ations we show in the second and the third rows of figs. 1-4
the values of ∆ calculated from the dynamical and kine-
matical factor of the cross-section, respectively. This is
done only for configurations from the first row in those fig-
ures (geometries with maximal changes of nonrelativistic
cross-section by relativity). It is clearly seen that the effect
is predominantly due to the dynamical change of the tran-
sition matrix element. For localized phase-space regions of
the large∆ values mentioned above the nonrelativistic and
relativistic kinematical factors are comparable.

4.2 Comparison to exclusive breakup cross-section
data

At higher energies the exclusive breakup cross-sections
have been measured below the pion production threshold
at 65MeV [25–31], 156MeV [32], and 200MeV [33]. In
figs. 6-11 we compare our predictions with the data taken
at those energies for some complete geometries. In order to
investigate the importance of the boost we show for each
geometry the nonrelativistic cross-section (dotted line) to-
gether with three relativistic cross-sections corresponding
to different treatment of the boost. The first result is based
on our most extensive approach to the boosted potential
(approximation of eq. (9): solid line), in the second the
boost of the potential from the 2N c.m. to the 3N c.m. is
totally neglected (approximation of eq. (10): dash-dotted
line), and in the third the k-dependence of the first-order
relativistic boost correction is omitted (approximation of
eq. (11): dashed line).

For all presented configurations relativistic effects are
clearly visible. Cases of increasing as well as diminish-
ing the nonrelativistic cross-section by relativity are rep-
resented. At 65MeV (see fig. 6) the smallest effects are
for configurations b), c), and d) where both nonrelativis-
tic and relativistic predictions provide a satisfactory de-
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Fig. 6. The five-fold cross-section d
5
σ

dΩ1dΩ2dS
for the d(n,n1n2)p

breakup reaction at Elab
n = 65MeV for the following positions

of outgoing neutron detectors: a) θ1 = θ2 = 54◦, φ12 = 120◦,
b) θ1 = 20◦, θ2 = 45◦, φ12 = 180◦, c) θ1 = 20◦, θ2 = 75.6◦,
φ12 = 180◦, d) θ1 = 20◦, θ2 = 116.2◦, φ12 = 0◦, e) θ1 = 30◦,
θ2 = 59.5◦, φ12 = 180◦, f) θ1 = θ2 = 44◦, φ12 = 180◦. The non-
relativistic and relativistic (full boost) cross-sections are shown
by dotted and solid lines, respectively. Neglecting the boost
totally leads to the dash-dotted line. When boost is approxi-
mated by eq. (11) results in the dashed line. All calculations
are based on the CD Bonn potential (see text). The d(p,pp)n
data are from [27] a); [29] b), c) and d); [26] e) and f).

scription of the data. The largest effects are for two QFS
configurations e) and f), where the inclusion of relativity
reduces the cross-section by ≈ 9%, and for the symmet-
rical space star (SSS) configuration a) where this effect
amounts to ≈ 7%. The SSS geometry corresponds to the
situation where for the arc-length S ≈ 30MeV all three
nucleons have equal momenta which in the 3N c.m. system
lie in the plane perpendicular to the beam direction. De-
spite its smallness, the relativistic effect leads to a better
description of data for those three configurations than the
nonrelativistic result. It seems to explain the small and up
to now puzzling overestimation of the 65MeV SSS cross-
section data [27] by modern nuclear forces and can account
for the experimental width of these QFS peaks [25]. For
QFS configurations e) and f) the boost effect is significant
in the region of QFS peak. Neglecting boost decreases the
relativistic cross-section by ≈ 8%. However, approximat-
ing boost by eq. (11) leads practically to the same result
as for the full boost.

At 156MeV (see figs. 7 and 8) the relativistic effects
are significantly larger than at 65MeV. Here among the
shown configurations there are cases where relativity in-
creases the nonrelativistic cross-section by up to ≈ 30%
and cases with diminished cross-section by up to ≈ 50%.
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Fig. 7. The five-fold cross-section d
5
σ

dΩ1dΩ2dElab
1

for the

d(n,n1n2)p breakup reaction at Elab
n = 156MeV at fixed po-

sition θ1 = 45◦, φ12 = 180◦, and varying θ2: a) θ2 = 25◦,
b) θ2 = 32.5◦, c) θ2 = 37.5◦, d) θ2 = 40◦, e) θ2 = 42.5◦,
f) θ2 = 45◦, g) θ2 = 47.5◦, h) θ2 = 52.5◦, i) θ2 = 60◦,
j) θ2 = 67.5◦. Curves as in fig. 6. The d(p,pp)n data are
from [32].
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Fig. 8. The same as in fig. 7 but at fixed position θ1 = 52.5◦,
φ12 = 180◦, and varying θ2: a) θ2 = 25◦, b) θ2 = 30◦, c) θ2 =
32.5◦, d) θ2 = 35◦, e) θ2 = 37.5◦, f) θ2 = 40◦, g) θ2 = 45◦,
h) θ2 = 52.5◦, i) θ2 = 60◦.

For those configurations there are regions of kinetic ener-
gies Elab

1 where relativity improves the description of data.
One can even argue that the pattern described in sect. 4.1
is supported by some of the presented data. Similarly to
the situation at 65MeV, the importance of the boost de-
pends on the configuration and neglecting it changes the
relativistic cross-section up to ≈ 15%. It seems that the
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Fig. 9. The five-fold cross-section d
5
σ

dΩ1dΩ2dElab
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for the

d(n,np)n breakup reaction at Elab
n = 200MeV at fixed po-

sition θ1 = 35◦, φ12 = 180◦, and varying θ2: a) θ2 = 35◦,
b) θ2 = 45◦, c) θ2 = 55◦. Curves as in fig. 6. The d(p,pn)p
data are from [33].
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restriction to the approximation of eq. (11) also here is
sufficient for the boost treatment.

The largest relativistic effects are seen at 200MeV (see
figs. 9-11). They can lead to changes of the nonrelativistic
cross-section increasing it even by up to ≈ 40% or decreas-
ing it by up to ≈ 60%, leading predominantly to a better
description of the data, which, however, is not satisfac-
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Fig. 11. The same as in fig. 9 but at fixed position θ1 = 52◦,
φ12 = 180◦, and varying θ2: a) θ2 = 35◦, b) θ2 = 45◦.
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Fig. 12. The convergence of the nonrelativistic five-fold cross-

section d
5
σ

dΩ1dΩ2dElab
1

for the d(n,np)n breakup reaction at

Elab
n = 200MeV with respect to jmax for configurations with

φ12 = 180◦ and different positions of detectors θ1 and θ2:
a) θ1 = 35◦, θ2 = 35◦, b) θ1 = 45◦, θ2 = 35◦, c) θ1 = 45◦,
θ2 = 55◦, d) θ1 = 52◦, θ2 = 35◦. All calculations are based
on the CD Bonn potential [2] and the dotted, dash-dotted,
dashed, and solid lines correspond to jmax = 3, 4, 5, and 6,
respectively. The d(p,pn)p data are from [33].

tory in all configurations. Importance of the boost is sim-
ilar to that at 156MeV. Also here the pattern described
in sect. 4.1 is discernible. The data of ref. [33] shown in
figs. 9-11 seem to be shifted in energy Elab

1 with respect to
both nonrelativistic and relativistic predictions. Indepen-
dent measurement providing cross-sections with smaller
error bars on the slope would be desirable.

In fig. 12 we exemplify for a number of configurations
from figs. 9-11 the convergence of the theoretical breakup
cross-sections with respect to the maximal two-nucleon
subsystem total angular momentum jmax taken into ac-
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count. The jmax = 5 (dashed line) and jmax = 6 (solid
line) results are practically overlapping.

5 Summary and outlook

We numerically solved the 3N Faddeev equation for the
nd scattering including relativistic features such as the
relativistic form of the free propagator and the change of
the NN potential caused by the boost of the 2N subsys-
tem. The calculations have been performed at the neu-
tron laboratory kinetic energies Elab

n = 65MeV, 156MeV,
and 200MeV. To construct the 3N momentum space ba-
sis we used the relative momentum of two nucleons in
their 2N c.m. subsystem together with the momentum
of the spectator nucleon in the 3N c.m. system. Such a
choice of momenta is adequate for relativistic kinematics
and allows to generalize the nonrelativistic approach used
to solve the nonrelativistic 3N Faddeev equation to the
relativistic case in a more or less straightforward manner.
That relative momentum in the two-nucleon subsystem
is a generalisation of the standard nonrelativistic Jacobi
momentum p. We neglected the Wigner rotations of the
nucleons spins when boosting the 2N c.m. subsystem to
the 3N c.m. frame. As dynamical input we took the non-
relativistic NN potential CD Bonn [2] and generated in
the 2N c.m. system an exactly on-shell equivalent rela-
tivistic interaction v using the analytical scale transfor-
mation of momenta. We checked that in our energy range
the boost effects for this potential could be sufficiently
well incorporated by restricting the exact expression to
the leading-order terms in a q/ω and v/ω expansion. At
65MeV and 200MeV we performed search for magnitudes
and signs of relativistic effects on the exclusive nd breakup
cross-sections over the relevant parts of the breakup phase-
space. We found that depending on the phase-space region
relativity can decrease as well as increase the nonrelativis-
tic cross-section. The magnitude of effects rises with the
incoming neutron energy. While at 65MeV the effects are
rather moderate (≈ 20%) at 200MeV they can change
the nonrelativistic cross-section even by a factor of ≈ 2.
At that energy relativity leads to a characteristic pattern
of the cross-section variation with θ1 and θ2. Comparison
to existing data seems to support this finding. At 65MeV
the inclusion of relativity can explain some discrepancies
found in the past between theory and data.

The selectivity of the nd breakup reaction provides
the opportunity to study different aspects of the 3N dy-
namics. Since higher energies seem to be more favorable
to study properties of three-nucleon forces, precise higher
energy exclusive breakup cross-sections should be used as
a very valuable tool to test stringently the incorporation of
relativity. Especially, the configurations around the QFS
breakup geometry due to their large cross-sections and
insensitivity to the details of nuclear forces seems to be
favored for this purpose.

This work has been supported by the Polish Committee for Sci-
entific Research under Grant no. 2P03B00825. The numerical
calculations have been performed on the IBM Regatta p690+
of the NIC in Jülich, Germany.
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